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Covariant Poisson Brackets of Classical Fields
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The covariant Poisson brackets of classical fields are defined in terms of the fields
covariant canonical variables. These are then consistent with the causality principle and
the quantum fields covariant commutation relations.

Poisson brackets are the common ground of classical and quantum mechanics.
They are used in field theories at the prequantization level. However, the brack-
ets under disposal for the fields and conjugate momenta are noncovariant. This
situation awaits a resolution (Mashkour, M. A. (199Biternational Journal of
Theoretical Physic87, 785). We formulate here the covariant Poisson brack-
ets for fields in terms of the fields covariant canonical variables. These brackets
are then consistent with the causality principle and the quantum fields covariant
commutation relations.

1. PRELIMINARIES
1.1. The Covariant Commutation Relations

The quantum field covariant commutation relations shall be the guide for the
development of the classical fields covariants Poisson brackets. We exclude the
case of spinor fields. Let for the momeiof*(x, t);« = 1, 2,...} be a canonical
set of fields that satisfy the free fields Lagrangian density:

1
L = 5[8“q"‘8uq“ +m,q“q”] 1)

(summation over repeated indices is implied, unless stated otherwise.) We
recognize
oL

~ 3(3,9%)
= 9"q" )

le-Learning Institute, Frontiers, Box 195, 721 0&3es, Sweden.
2011

0020-7748/01/1100-2011$19.50£02001 Plenum Publishing Corporation



2012 Mashkour

is the 4-conjugate momentumgyf (Mashkour, 1998). The covariant commutation
relations of the quantized fieldg§ are given as (Bjorken, 1964):

[qa(xi), qﬂ(x/,t/)] — 8(1/3 . /OO i (e—iw(t—t’)+ik-(x—x’) _ eia)(t—t’)+ik~(x—x’)) dk
o0 2w
®3)
To facilitate the correspondence with the classical canonical description, we
divide the space-time into causal 4-cells of dimensiang; with Ax*Ax, = 0.

At the end we letAx* — 0. The coarse-graining of the space-time amounts to
contracting the limits of integrations in Eq. (3) as:

K/2
[qa(X,t), qﬁ(x/'t/)] — 80;/3 / / i efiw(tft’)+ik~(x7x’) _ eiw(tft’)+ik~(xfx’)) dk
—K/2 2w
(4a)
= —i 8% . A(x,X) (4b)
where
K(j)AX(j) ~ 1; j=1,2,3 5)

(no summation over repeated indices).
Consider a pair of points = (¢,¢°), and¢’ = (¢/,¢%) in one cell, where

Seh =t =" 18ct < Ax*; n=0,1,2,3 (6)

and define the 4-function

fu(¢.¢") = 0-A(2,¢") ()
One can then see that
) =0( 5 ) (8a)
AV
A5~ 0 (8b)

whereAv is the spatial volume of the cell. It is also seen that
[G°(£), 6] ~0 (9a)

[0:(0), 67 ()] = i85 - £7(5.¢") (9b)
[P (), P3(cH] ~0 (9¢)
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1.2. The Covariant Canonical Formalism

The covariant canonical theory of classical fields is given in (Mashkour, 1998).
A 4-generating functiorr#(q(x), ’(x)) is introduced, such that

IF"(q(x), 9'(x))

(X)) = 30700 (10a)
Py = ——aF#gq;j)(’x?/(x)) (10b)

whereg®(x), p4(x) andq“(x), p#(x);a =1, 2,...; 0 =0, 1, 2, 3, are the orig-
inal and transformed covariant canonical variables, respectively.

It has been further realized in the framework of the covariant canonical theory
(Mashkour, 1998) thatq*(x), p4(x);¢ =1,2,...;4=0,1,2,3 on a space-
like sheet) are independent canonical variables. This conclusion together with
Egs. (10a,b) lead to (Goldstein, 1980; Mashkour, 1998)

i) it N (PO 3970 597 (x) SRL(X)
[P 00 a"00}, =2 (ap;(x) S 5P aqy(x)> ()

= 88! (11b)
{g“(x), q”(x)}, =0 (11c)
{p(x), Py}, =0 (11d)

In which {g“(x), p#(X);e«=1,2,...;.=0,1, 2,3 is an arbitrary set of co-
variant canonical variables.

1.3. Invariance Property

We verify that Egs. (9) are invariant under the covariant canonical transforma-
tion. Thus, let{q™(x), p#(x);¢ =1, 2,...;u =0, 1, 2, 3 be a set of canonical
variables that are related to the variables in Egs. (9) by a covariant canonical
transformation. So that

q“(x) = q“(a(x). p(x)) (12a)
Py () = P (@09, p(x) (12b)

(no summation over in Eq. (12b). Let £, ¢’) be a pair of points within one cell.
Then we have that

[p(0), 47 (c)] = (

8PI(6) 847 (c)  8G7() 5%“(4))
spy(z) 8qn(s)  apy(¢) 897(2)
x [Py (€). 6"(¢)] +v -t (132)
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_ (8 PI(¢) 867 () _ 807(¢)) 8PI()

. ﬂ,fv , 4
‘Sb;(g) 8G7(¢") 5{);(;’) (Sqfl(;)) 8)/ (¢.¢)

(13b)

. (6%“(;“) 867 (c")  8a”(c") 8L (%)
= —| — — — — —
Spp(¢) 8qr(g)  spy(c) 867 (¢)
=—isf . 5" £V(¢,¢) (13d)
= -8, £1(0.) (13e)
wherev -t in Eq. (13a) are, in view of Egs. (9), vanishing terms. Similarly we
establish the rest of Egs. (9) for the variablg$ (p/*). Observe in particular that

the same 4-functiorf¥(¢,¢’) in Egs. (9) applies to all possible sets of canonical
variables.

) () (130)

2. THE COVARIANT POISSON BRACKETS

We are now in the position to write the covariant Poisson brackets for the
field variables. As in above, we divide the space-time into causal 4-&eli§ =
]_[izo Ax*(i) with Ax,(i)Ax*(i) = 0. Afterwards, we let the dimensions
Ax*(i) — 0. Let)_ be a space-like sheet, and@¢> ") be the totality of the cells
centered ad . For each celt(i)eC(>_), we define a pair of points; (i), ¢'(i))
with the property that

¢t =) —¢"(0) (14)

is the same for all cells. We also introduce a pair of dummy poirttsz(#), such
that

gt =gt =g (15)

in which §¢# is the same constant displacement as in Eq. (14).

We have thatd®, p/) belonging to different cells oE(}") are independent
canonical variables in the framework of the covariant canonical theory (Mashkour,
1998). This property combined with Egs. (11) brings about

SpY (6 () 897 ('(J)) 89”5 ()) opy(6'(J))
»al )

= 8s5; (16a)

5py (¢ (k) 37 (¢'(K)  8py(£(K)) 897 (¢'(K))
89 (£()) 8a”(¢'(i))  8a”(£ (1)) 89 (¢'())
Xk:; <5p;(§(k)) 897 (¢'(K)  8py (¢ (k) SQV(C’(k))>

8py (¢ (1)) 3P (') 8P () spi(e' () _ 0
Zk:zy: (510;({('()) 8q7(¢'(k))  apy(£(k) 5qV(C’(k))) -

0 (16b)

(16¢)
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Now, each of the sets|{ (¢ (1)), p5 (¢ (1)), (@*(¢'(1)). py (¢'(1))) is a complete
data. Therefore we can express an arbitrary pair of field variai{besand x'(x’)

at two pointsx andx’ as
x(X) = x 1 x:9%( @), py )] (17a)
X' () = x" 1 X59%( (), Py 6" ()] (17b)
The covariant Poisson bracket pfx) andx’(x’) is then defined as

’ A p— 8)? 8)?/
{x (), x'(X)} = XM: Xy: Xk: <5p¢(g(k)) 897 (¢’ (k)

>/

8x Sx )
_ CER(e,
5oL ( () 5qv<¢(k»> €.6) (18)

whereAx*(i) — 0. We demonstrate below that the so defined covariant Poisson
bracket agrees with the covariant commutation of the quantum fie(et$; x” (X’).

3. CONCLUDING REMARKS
3.1. Summary of the Formalism

(i) The space-time is divided into infinitesimal causal cells of dimensions
Ax*. (ii) A 4-function f,(¢,¢’) has been introduced by Eq. (7), whetey() are
contained in a single cell. (iii) Equations (9) are invariant under the covariant
canonical transformation, and that the same 4-funcfign,¢") applies to all sets
of canonical variables. (iv) The fields variables throughout the cells on a space-like
sheet)  are canonically independent. (v) The covariant Poisson bracket of fields
was finally given by Eq. (18).

3.2. Invariances

The bracket defined by Eq. (18) is invariant under Lorentz transformation.
Furthermore, according to Egs. (16), the bracket is also invariant under the covari-
ant canonical transformation of the basis canonical variabs) p. (i ).

3.3. The Equal-Time Poisson Brackets

Equation (18) combined with Egs. (7), (8), and (16) leads to the standard
equal-time Poisson brackets of classical fields (Mashkour, 1998):

{P2(x, 1),07 (X, t)} = 6%/ - 5(x — X) (19a)
{g°(x, 1),0°(x,t)} = 0 (19b)
{pI0x, 1), pp(X',1)} =0 (19¢)
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3.4. The Asymptotic Property

Consider the free fieldg® of Eq. (1). We determine the covariant Pois-
son bracketg®(x),q?(x")}, such thasx* = x* — x’* are infinitesimal quantities,
while |§x#] > Ax* (the dimension of a cell). We choose a cé)lthat contains
the pointx*, and define

gy =x* (20)
Letz#(1) = ¢'*(1) + 62, where|d¢#| < Ax*. Then

Xt =)+ (6x* —8¢%) (21a)
q“(x) ~ q*(¢"(1)) + (6x" — 82") - 9q* (¢ (1)) (21b)
=0“(¢" (1)) + (6x" = 8¢") - Pua (21c)

Substituting into Eq. (18) we conclude, according to Eqg. (7), that
{a*(x),a’ (X)) = 87 - (5x" = 8¢") - £.(¢,¢) (22a)
~ 8% . A(X,X) (22b)

where¢ and¢’ satisfy Eq. (15), while from Eq. (8b)\(¢,¢’) ~ 0. The Poisson
bracketin Eq. (22b) corresponds faithfully with the covariant commutation relation
in Eq. (4b).

3.5. The Causality Principle

Consider a pair of field variables(x), x'(x") with [(x" — x")(x,, — X])| >
0. The quantitieg (x), x'(x") must, according to Eq. (17), be developments from
distinguished portions on the space-like sieetVe conclude therefore according
to Egs. (16), (17), and (18) that

{x(x).x'(x)} =0 (23)
which agrees with the causality principle.

REFERENCES

Bjorken, J. and Drell, S. (1964fRelativistic Quantum FielddMcGraw-Hill, New York.

Goldstein, H. (1980)Classical MechanigsAddison-Wesley, Reading, MA.

Mashkour, M. A. (1998). Covariant canonical formalism of field¢ernational Journal of Theoretical
Physics37, 785.



